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ON INDUCTIVE LIMITS OF CERTAIN C*-ALGEBRAS
OF THE FORM C(X)® F

CORNEL PASNICU

ABSTRACT. A certain class of *-homomorphisms C(X)® A — C(Y) ® B,
called compatible with a map defined on Y with values in the set of all closed
nonempty subsets of X, is studied. A local description of *-homomorphisms
C(X)® A — C(Y) ® B is given considering separately the cases X = point
and A = C; this is done in terms of continuous “quasifields” of C*-algebras.
Conditions under which an inductive limit li_r'n(C(Xk) ® Ak, Pk), where each
&, is of the above type, is *-isomorphic with the tensor product of a commu-
tative C*-algebra with an AF algebra are given. For such inductive limits the
isomorphism problem is considered.

The study of inductive limits of C*-algebras of the form C(X) ® F (with F a
finite-dimensional C*-algebra) has been suggested by E. G. Effros in [5]. Clearly,
for this problem, the structure of the *-homomorphisms between algebras of the
above form is important. This question has been considered in [1, 2, 8, 9, 10, 11
and 12].

The main result of the present paper gives a sufficient condition for the triviality
of the inductive limits, i.e., so that they are tensor products of commutative algebras
and AF-algebras.

After some preliminaries in §1, we consider in §2 *-homomorphisms ®: C(X) ®
A — C(Y)®B compatible (2.3) withamap 6: Y — K(X)(K(X) the closed subsets
of X) which generalize the homomorphisms compatible with a covering considered
in [8]. Our results are more precise in the following two situations:

1°. 6(y) = ¢~} (y), p: X — Y a continuous surjection;

2°. 0(y) = {p(y)}, ¢: Y — X continuous (2.7).

Given a homomorphism, we find conditions that insure the existence of a 6 as
in 1° above with which it is compatible (2.8). We also improve one of our previous
results (Proposition 2.5 in [8]) concerning homomorphisms compatible with a p-fold
covering (2.9).

In §3 the homomorphisms C(X) ® A — C(Y) ® B are unitial, A, B are finite
dimensional and the compact spaces X, Y are metrizable (excepting Proposition
3.1). Our results describe the local structure of such homomorphisms in terms of
continuous “quasifields” of finite-dimensional C*-algebras ((3.1) and (3.4)). Us-
ing classes of inner equivalent injective homomorphisms between continuous quasi-
fields of finite-dimensional C*-algebras (see 3.3) we study the set of classes of inner
equivalent homomorphisms (injective homomorphisms) from C(X) to C(Y) ® B
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(3.4). A similar analysis is done for the set of all *-homomorphisms (injective *-
homomorphisms) from C(X) ® A to C(Y) ® B which are compatible with a given
continuous surjective map from X to Y, the fibre of which satisfies a certain con-
tinuity property (3.6).

84 contains the main result of this paper. Consider a system:

CX)®A BC(Xa) @4, 3 -

with X compact and Ay a finite-dimensional C*-algebra. We give conditions under
which the above inductive limit is “trivial,” in the sense that it coincides with the
tensor product of a commutative C*-algebra with an AF-algebra. The assumptions
on the spaces X involve the vanishing of certain nonabelian cohomologies (this
occurs for X contractible, for instance). Moreover, it is required that

O (C(Xk) ® 14,) C C(Xk41) ®layy,

(see (4.3)). For such trivial inductive limits we also consider the isomorphism
problem (4.4).

ACKNOWLEDGMENT. The author is grateful to Serban Stritila for his sugges-
tions on a first version of the manuscript.

1. For A and B unital C*-algebras, Hom(A, B) (resp. Hom;(A, B)) will denote
the set of all unital *-homomorphisms (resp. all unital injective *-homomorphisms)
from A to B endowed with the topology of pointwise convergence. Z(A) denotes
the center and U(A) the group of all unitaries of A. ®, ¥ € Hom(A, B) are
called inner equivalent, ® ~ ¥, if & = Aduo ¥ for some u € U(B). For M C
Hom(A, B), we denote by M/ ~ the corresponding set of classes of inner equivalent
x-homomorphisms.

For a compact topological space X we use the canonical identification C(X)®A =
C(X,A). If fe C(X)®Aand F C X, wedenote ||f |r || :=supgep || f(z)| if FF # O
and ||f |z || := 0. For a finite-dimensional C*-algebra A = @,.; A; (where each A,
is a finite discrete factor) the inclusions A; C A, 7 € I, induce canonical embeddings
CX)®A;CcC(X)®A,ie],and we have C(X) ® A =P,; C(X) ® As.

If p: X — Y is a continuous map between compact spaces, we denote by
p*: C(Y) — C(X) the map ¢*(f) = fop, f€C(Y).

Let G be a topological group, G, the sheaf of germs of continuous G-valued
functions on X and H!(X, G.) the corresponding cohomology set; for a contractible
compact space X, H'(X,G,) reduces to the trivial element [7].

2. Throughout this section X, Y will denote compact spaces and A a finite-
dimensional C*-algebra.

2.1. Consider A = ®z‘e 1 Ai, where [ is a finite set and each A, is a finite discrete
factor.

Denote K(X) := {F|F is a nonempty closed (i.e., compact) subset of X}. Con-
sider ® € Hom(C(X) ® A,C(Y) ® B), where B is a unital C*-algebra. For any
y €Y, let Xy o € K(X) be such that {g € C(X)|g|Xy,e = 0} is the kernel of the
unital *-homomorphism:

C(X)29—2(g®14)(y) € B.
Then, for each y € Y, Xy ¢ € K(X) is determined by the condition
[2(g®@14) Wl = llgl Xy 0ll.  g€C(X).
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In a similar way one sees that for any y € Y and ¢ € [ there is a unique closed
subset X, 4 of X such that

Ie(f)W)ll = IfilXyell.  fi€eC(X)®A

Note that X} 4 can be the empty set. Clearly Xy o =U;c; X} o-
2.2. Forany f =@, fi € @zel C(X)® A; and y € Y we have
(1) 12(H) (W)l = maxier || il Xy ol

@) (NI < 11Xy, 21, since

(@I = |3 2(£:)(w)| = maxl|e(£:) ()]
el
= max |1 X; o | < max[|filXy.0ll = 111Xyl

Moreover ‘
(3) @ is injective < J,cy X; o = X for any 7 € I. Indeed, by (1) we have

U x;

yeYy

@(N]l = max

and each U,y X} ¢ is closed.

2.3. Consider a map : Y — K(X). We say that a *-homomorphism & €
Hom(C(X)® A,C(Y) ® B), where B is any unital C*-algebra, is §-compatible if

(1) X,0 CO(y), y€ Y.

This is equivalent to

@) 12N W < Ifloll, f € C(X)® A, y € Y. Indeed, (1) = (2) by 2.2(2).
Conversely, for any g € C(X) and y € Y we have ||g|Xy ol = ||®(9 ® 14)(¥)] <
llglé(y)|| and since Xy o is closed in X it follows that Xy ¢ C 0(y).

The above argument also shows that X, ¢ is the smallest nonempty closed subset
F of X such that ||®(f)(y)|| < ||f|F|| for any f € C(X) ® A.

2.4. Consider ® € Hom(C(X)® A, C(Y) ® B), where A = @, A;, I is a finite
set and each A; is a finite discrete factor, and a map §: Y — K(X). Then, the
following are equivalent:

MW (NI =116, fEC(X)® A, yeY.

(2) X} =0(y). yE Y, i€

Indeed (2) = (1) by 2.2(1). Conversely, for every ¢ € 1 and y € Y, we have
I1£il Xy, ell = I12(L) )N = I £il6(®)]l, fi € C(X)® A;, and since each X; 4 is closed
in X, we deduce X} 4 = 0(y).

2.5. Suppose moreover that (6(y))ycy is a partition of X and that ® is compat-
ible with 8. Then the following are equivalent:

(1) @ is injective,

@) 12N =118, feC(X)®A, yeY.

Indeed, (2) = (1) by 2.2(3) and 2.4. Conversely, suppose there areig € I, yo € Y
such that

X2 o G 0(30).



706 CORNEL PASNICU

Since ® is compatible with 8, we have X;‘?¢ C 0(y), y € Y. Then, using 2.2(3) and
the fact that (f(y))yey is a partition of X, one has

X=X & Uow=x
yeYy yeY
a contradiction. Hence X;,q, =6(y), y € Y, 7 € I, and the conclusion is obtained
using again 2.4.

2.6. PROPOSITION. Consider ® € Hom(C(X)® A, C(Y) ® B) and a map
0:Y — K(X) and suppose there is a unital embedding B C M,,, for some n € N.
Then ® is 6-compatible if and only if

(1) tr(®(g®14)(y)) €En-cog(b(y)), geC(X), yeYy,
where tr denotes the usual trace on M, .

PROOF. For any y € Y, consider the unital finite-dimensional *-representation
CX)®A > f — ®(f)(y) € M,. Since this is a direct sum of irreducible *-
representations, it follows that for any = € X, ¢ there is a unital *-representation
II; 4 of A such that

(2) o(f)y)= P Mey(f(z)) €M,
T€EXy o
for all f € C(X)® A. In particular, in this case, each X ¢ is a finite set.
Suppose that @ is §-compatible. Using the above discussion, for ¢ € C(X) and
y €Y we get

tr(@(g®1a)(y)) = Y g(z) -dimIl,
z€Xy @

T€EX, o

=n. ( > g@)-n? -dimnz,y) en-cog(6(y))

since Xy ¢ C (y) and ® being unital, erxv» n~!.dimIl;, = 1.
Conversely, assume (1) and suppose there is yo € Y such that Xy, & ¢ 0(yo)-
Then there is zg € Xy, o \0(yo) and go € C(X) such that go(zo) = 1 and go|6(yo)U

(Xyo,0 \ {z0}) =0.
Using (1) and (2) we have

tr(®(90®14)(%0)) = D go(a) - dimIl,y,
z€EXyy.@

=dimIl,, 4, ¢ {0} = n-cogo(f(y0)),

a contradiction.

2.7. Consider in particular the map 6: Y — K(X) given by 8(y) := {p(y)},
y €Y, where ¢: Y — X is a continuous map. Then @ is §-compatible if and only
if

(1) (g ®14) = gop ®1p, g € C(X). Indeed, since Xy o = {©(y)}, we have
(g ®14)(y) = Hp(y) 4 (9(v(¥)) - 14) = g((y)) - 15, for any g€ C(X) and y € Y.
Conversely, if (1) holds then for any g € C(X) and y € Y we have ||g|Xy 0| =
129 ® 14)(1)]l = lg((y))]l and since each X,,¢ is closed, Xy.0 = {©(y)}.
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On the other hand let B be a finite-dimensional C*-algebra and p: X — Y a
continuous surjective map. A *-homomorphism ®: C(X)® A — C(Y) ® B is said
to be p-compatible if

P(gop®1la)=9g®1lp, geC(Y).

If ® is injective, then ¢ is uniquely determined by ® since we can use 2.5; we
have that (X, ¢)ycy is a partition of X and ™' (y) = X, 0,y €Y.

Let B, ® be as in Proposition 2.6 and consider the map §: ¥ — K(X) given
by 0(y) := ¢~ !(y), y € Y, where p: X — Y is a continuous surjection. In this
situation the following assertions are equivalent:

(2) @ is f-compatible.

(3) @ is p-compatible.

(4) tr(®(gop®14)(y)) =n-9g(y), g€ C(Y), y €Y. (tr denotes the usual trace

on M,.)
(2) = (3). For any g € C( ) and y € Y we have
2(gop®1a)¥) = D Meylole(2) 14) =9) 15
TE€EXy @

since Xy e C ¢ !(y) (we use the notation and remarks made in the proof of
Proposition 2.6).

(3) = (4) is obvious.

(4) = (2) By assumption, for any g € C(Y) and y € Y we have

nogy)= > glp@) dimly= Y clt)g(t),
TE€EX, o t€p(Xy,0)
where each c,(t) > 0. Now fix yo € Y, suppose there is tg € p(Xy,.0) \ {yo} and
let go € C(Y) be such that go(to) = 1,

gol{yo} U (o(Xyo,2) \ {to}) = 0;
then g = go and y = yo will contradict the above form of assumption (4). Hence

p(Xye)={y},yeY.
2.8. The following proposition gives sufficient conditicns for a homomorphism &
to be compatible with some good .

PROPOSITION. Let B be a finite-dimensional C*-algebra and consider ® €
Hom(C(X)®A,C(Y)® B). Assume that the cardinality of X, o is locally constant
onY and (Xye)yey is a partition of X. Then the map p: X - Y, o(Xy,0) = {y},
y €Y, is a covering map and ® is p-compatible.

PROOF. Fix y' € Y. The assumptions imply that there are n € N and U €
7 (y') such that X, := X, ¢ has exactly n elements for all y € U. Say X, =
{z1(y"),.--,2n(y")} and let V] = Vp' €7 (%(y"),p=1,2,...,n, with VNV =&
for p # q.

Now, for fixed p € {1,2,...,n} we claim there is W € Z"(y'), W C U, such that
XyN ij # @ for any y € W. Indeed, in the contrary case there is a net (y;);cs in
U which converges to y’ such that Xy, NV, = &. But for g € C(X), g(2(y")) =1,
suppg C V,, we have

1= g(2p(y"))| < llg| Xy |l = [|B(9 ® 14) (%)l
= lim [|@(g ® 14)(3)ll = lim||g|Xy,[| = 0,
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a contradiction which proves the claim. Therefore we can choose V € Z7(y'),
V CU,suchthat Xy NV, #J,yeV,p=1,2,...,n.

We prove that ¢ is continuous. Indeed, if a net (z;);es in X converges to z € X
but p(z;) = ¢(z), then, X being compact, we may suppose that o(z;) — yo #
p(z).

For g € C(X), g(z) = 1, g|Xy, = 0 we have

0= [1g1Xyoll = 19(9 @ L) (o) | = Lim [@(g ® La)o(a,))]
= lim 91X p(a, | 2 limg(z,)] = lo(z)| = 1,

a contradiction.

For each y € V, let 2,(y) be the unique element of X, NV, p = 1,2,...,n.
Each map z,: V — V,, := 2,(V) is a bijection since ¢ o 2, = idy; note that V, =
e V)NV, € 7°(2(y')). Moreover, each z, is continuous. Indeed, if a net (yk)rex
in V converges to y € V and 2,(yx) - 2,(g), we may consider z,(yx) — Z for some
ieV,C V; =V,, 7 # 2,(§) and we have § = limg yx = limg ©(2,(yx)) = ©(Z),
that is, £ € o~ 1(§) NV, = X3 NV}; hence Z = 2,(§), a contradiction.

Thus each ¢, = |y, : V;, — V is a homeomorphism with inverse z,. Hence ¢ is
a covering map.

Since Xy.6 = ¢~ !(y), y € Y, it follows from 2.7 that ® is p-compatible.

2.9. The next proposition gives the structure of homomorphisms compatible with
a finite covering, which improves the result in [8, Proposition 2.5] by replacing the
absolute retract assumption with contractibility and by using a shorter argument.

PROPOSITION. Let p: X — Y be a p-fold covering map (p € N), where X,
Y are compact metric spaces and assume Y 13 contractible. Then there is a par-
tition (U;)?_, of X into clopen sets and there exist homeomorphisms z;: Y — U,
satisfying po z; =idy (1 <1 < p) such that if ®: C(X)® A— C(Y)® B is a -
compatible x-homomorphism, then there are u € C(Y,U(B)) and *-homomorphisms
Uy, ¥o,...,¥y: A — B such that

P
®(/)(y) = Adu(y) (EB W (f(zk (y))))

k=1
forall feC(X)®Aandy€Y.

PROOF. Since Y is simply connected, there is a homeomorphism H: X —
Y x {1,2,...,p} such that the diagram

X Zyx{2...p
el
Y

v
commutes, where 1) is the canonical projection. For each 1 < 7 < p we define
U; = H-'(Y x {i}), the homeomorphism k,;: Y — Y x {1} given by hi(y) = (y,1),

yeYand z: Y - U, 2z :=H 'oh,.
Using Proposition 2.4 from [8] and the fact that Y is connected, we find *-
homomorphisms ¥,,...,¥,: A — B, a proper open covering (V;)icr of Y (see
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(7, p. 17]) and u; € C(V;,U(B)) such that

&(f)(y) = Adwui(y) (@ wk(f(zk(y))))
k=1

for feC(X)® A, y€V;, 1€l (Thesetof ¥’sin [8, 2.4] depends on the local
neighborhood but they can be chosen canonical [4], that is, in a finite set, so that
this locally constant choice of the ¥’s is actually constant.) The continuous maps
gi;: ViNV; — G := the topological group of all unitaries of the relative commutant
of @}_;(¥k(A)) in B, defined by g;;(y) := ui(y)*u;(y), y € ViNVj, 4,5 € I, satisfy
9ij 95k = gik on V;NV; NV and hence {V;, g;; }ic1 defines an element in H!(Y,G,).
Since Y is contractible, H!(Y, G.) reduces to the distinguished element. Therefore,
we may assume that, for any ¢ € I there exists a continuous map v;: V; —» G
such that g;;(y) = vi(y)v,;(y)*, y € VinV;, 4,5 € I. We define u: Y — U(B) by
u(y) = ui(y)vi(y), y € Vi, 1 € 1. Since ui(y)vi(y) = u;(y)v;(y) for y € Vi NV},
1,7 € I, the map u is well defined and continuous.
It is easy to verify that

®(f)(y) = Adu(y (@Wk ) fJECX)®A, yeY.

3. Throughout this section X, Y will denote compact metric spaces (excepting
Proposition 3.1) and A, B finite-dimensional C*-algebras.

In this section we give a local description of homomorphisms from C(X) ® A
to C(Y) ® B by considering separately the cases X= point and A = C. We also
consider certain classes of inner equivalent homomorphisms.

3.1. PROPOSITION. Consider ® € Hom(A,C(Y) ® B), where Y s a com-
pact space. For every y' € Y there exist V € 7°(y'), ¥ € Hom(A4, B) and
u e C(V,U(B)) such that

®(a)(y) = Adu(y)(¥(a)), a€4d, yeV.

PROOF. It is enough to consider the case when A = @, Mk,, B = M;.
For every y € Y, consider the unital finite-dimensional *-representation A > a —

®(a)(y) € M;. Since this is a direct sum of irreducible *-representations, it follows
that (3) p:(y) € {0,1,2,...} and v'(y) € U(l) such that

®(a)(y) = Adu/(y (@au&l y))

foranya =P a0, € P, My, andy €Y.

Since for any 7, the map ¥ 3 y — tr(®(1x,)(y)) = ki - pi(y) € {0,1,2,...} is
continuous (here tr denotes the usual trace on M;), (V' € 7°(y') and (3 ) €
Hom(A, B) such that

®(a)(y) = Adu'(¥)(¥(a)), a€A yeV"
)

We denote G := U(B), S := U(¥(A)¢) (here ¥(A)° is the relative commutant of
¥(A) in B), G/S := {¢9S|g € G} and II: G — G/S the canonical map. G/S will be
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embedded into the topological space Hom(¥(A), B) by the formula I1(g)(¥(a)) =
Adg(¥(a)), g € G, a € A. It follows that we can define a continuous map 6: V' —
G/S by 0(y)(¥(a)) = ®(a)(y), y € V', a € A. Since S is a closed subgroup of the
Lie group G, II has smooth local sections. Thus, there is V € Z°(y'), V C V' and
@€ C(V,G) such that the diagram:

¢—L>G/s
Ty Law
u ~ V

commutes, which ends the proof.
_ 3.2. We consider on K (X) the topology given by the Pompeiu-Hausdorff metric
d, defined by
d(F,G) := max <sup d(z,G), sup d(F, y)) ,
z€F yeG
F,G € K(X). Here d is a metric which gives the topology of X. Denote by F(X)
the set of all finite nonempty subsets of X. Then F(X) C K(X) is endowed with
the induced topology.
The proof of the following lemma is elementary and will be omitted.

LEMMA. Let W be a metric space and a map 0: W — F(X). The following
assertions are equivalent:

(1) 6 € C(W, F(X)),

(2) the map W 3w — || flow)ll € R is continuous for every f € C(X).

3.3. Let T be a compact space and for each ¢t € T let E(t) be a C*-algebra. We
say that ((E(t))ier,T) is a continuous quasifield of C*-algebras if T is a continuity
structure for T and the {E(t)} in the sense of J. M. G. Fell (6], i.e., every a € I is
a map defined on T such that a(t) € E(t) for any ¢t € T and

(1) T is a *-algebra under the pointwise operations,

(2) {a(t)aeT} = E(t), t €T,

(3) for any a € T, the map T >t — ||a(t)|| € R is continuous.

Any continuous field of C*-algebras [3] is a continuous quasifield.

Let & = ((E;(t))ter,L4), ¢ = 1,2, be two continuous quasifields of C*-algebras.
We say that ¥ = (U,),er is a homomorphism from & to & if (1°) every ¥, is a
*-homomorphism of C*-algebras from E;(t) to Eq(t); (2°) ¥ takes I'y into I'y (if
we consider quasifields of unital C*-algebras, each ¥, is assumed unital). We say
that ¥ is injective if each W, is injective.

We denote by Hom(&], %) (resp. Hom,(&7,&2)) the set of all homomorphisms
(resp., injective homomorphisms) from & to &;.

In the unital case we say that ¥(*) = (\Ilgt))teT € Hom(&,,&), 1 = 1,2, are
inner equivalent, written ¥(1) ~ W(2) if there is u € I'y such that u(t) € U(E2(t))
and \I/El) = Adu(t) o \IIEZ) forany t€T.

3.4. Let B be a C*-algebra, B~ M, &M, ®-- - ®My,,n:=n;+ng+---+ng,
Fn(X) := {F € F(X)|F has at most n elements}.

For any 0 € C(Y,%,(X)) consider Ey(y) := C(6(y)), y € Y (each 6(y) is a
discrete topological space) and I'y := {Y 2y — flo(y) € Eo(y)|f € C(X)}. Using
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Lemma 3.2, we see that &(8) := ((Eg(y))yey,T6) is a continuous quasifield of
C*-algebras.

Let C := Hom(C(X), C(Y) ® B), C; := Hom,(C(X),C(Y) ® B) and let & be
the constant continuous field on Y, of fibre B. We define a map

F:C— U Homi(&(6),7)
0eC(Y, % (X))

by
F(®) := (¥y.0)yy € Hom,(&(Xs),F)

where ¥y o(flx, o) = @(f)(y) for f€ C(X),y€Y and Xo: Y 2y — Xy 9 €
Fn(X) is continuous by virtue of Lemma 3.2.

PROPOSITION. The map F is a bijection which induces in a canonical way a
bijection of C/ ~ onto Ugeo (v, (x)) (Homi(€(8),F)/ ~).

Moreover, F restricts to a bijection of C; onto Ugepy.5, (x)) Homi(&(0), F)
which induces a bijection of Ci/ ~ onto Uyei (v, 5. (x)) (Homi(&(0), F)/ ~), where

C(Y,Za(X)) = {f € C(Y, Fu(X))| Uyey f(v) = X}

PROOF. Consider F(®;) = (¥} )yey, i = 1,2, with F(®;) = F(®,), that is,
‘I/,gf()p] = \111(42@2, Xy,0, = Xy,0, for any y €Y. Then

&,(f)(y) = ¥4, (f1Xy0,) = ¥, (f1Xy2,) = 22(f)(¥)

for f € C(X), y € Y; hence F is injective.

For the surjectivity of F' consider ¥ = (¥,)yey € Hom;(& (), ), where 6 €
C(Y, (X)) and define ® € C by ®(f)(y) := ¥y(f|0(v)), f € C(X), y €Y.
Using the definition of Xy ¢ (y € Y) and the fact that each ¥, is injective, we
have ||f|x, ol = |®(f)(y )|| = |10, y € Y, which implies Xy & = 0(y) for any
y €Y. It follows that F(®) = V.

Finally, using 2.2(3) it follows that F(C:) = Ugeg(v.5, (x)) Homi(&(0), F).

3.5. REMARK. Consider the continuous map ¢: T — T given by o(y) := yZ,
y € T (:= {y € C|Jy| = 1}). Define 6 € C(T, F1(T)) by 0(y) := {(¥)} = {¥*},
y € T and two continuous maps f,g: T —> Cby f(y)=1,9(y) =y, y € T.

Then f €Ty and g f ¢ Ty; thus ((E¢(y))yeT,'s) is not a continuous field of
C*-algebras (see [3, 10.1.9]).

3.6. Let o: X — Y be a continuous surjective map such that p~!(y) is a finite
subset of X for any y € Y and the map Y 2 y — ¢~ 1(y) € F(X) is continuous.
This condition is satisfied if, for instance, ¢ is a covering map with a finite fibre.

Denote by C(ip) the set of all p-compatible *-homomorphisms from C(X) ® A
to C(Y) ® B and by C;(p) the set C(p) N Hom,(C(X)® A,C(Y) ® B).

Let & := ((E(y))yey, ) be the continuous field of C*-algebras given by E(y) :=
Cle™l(y)®A, yeY, T :={Yd>y— floe~!(y) € E(y)|f € C(X) ® A}. (To see
that & is indeed a continuous field use Lemma 3.2 and standard partition of unity
arguments.) Let ¥ be the constant continuous field on Y, of fibre B. Define a map
G:C(p) — Hom(£,5) by G(®) := (¥y)yey where ¥y(flo~'(y)) = &(f)(v),
feCX)®A yeY.
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Using 2.5 we easily obtain the following:

PROPOSITION. The map G is a bijection which induces a bijection from C(p)/ ~
onto Hom(&, %)/ ~.

Moreover G maps C;(p) onto Hom,;(&,% ) and induces a bijection from
Ci(p)/ ~ onto Hom,(&,F )/ ~.

4. In this section we prove our main result concerning the stability under in-
ductive limits of C*-algebras of the form C(X) ® A and isomorphisms of such
C*-algebras.

4.1. We first clarify the local structure of §-compatible homomorphisms with
0(y) = {©(y)} where p: Y — X is continuous.

PROPOSITION. Let X, Y be compact spaces, A, B finite-dimensional C*-alge-
bras, p: Y — X a continuous map and consider & € Hom(C(X) ® A,C(Y) ® B)
such that

P(g®14)=gop®lp,  geC(X).

Then, for eachy' € Y there exist a neighborhood V of y', a continuous map u: V —
U(B) and a x-homomorphism ¥ € Hom(A, B) such that

®(f)(y) = Adu(y)(¥(f(v(¥))))
for feC(X)®A, yeV.

PROOF. Fix V € 7'(y'), ¥ € Hom(A, B) and u € C(V,U(B)) given by Propo-
sition 3.1 for the homomorphism A 3 a — ®(1¢(x) ® a) € C(Y) ® B. Then, for
any g€ C(X),a € A and y € V we have

P(g®a)(y) = (P(g®14)(y)) - (®(lox) ®a)(y))
= ((gop)(y) - 1B) - (Adu(y)(¥(a)))
= Adu(y)(¥(g9 ®alp(y)))),

which completes the proof.

4.2. In the situation of the above proposition suppose that Y is connected.
Then there are ¥ € Hom(A, B), a proper open covering (U;)iecr of Y and u; €
C(U;,U(B)) such that

(f)(y) = Adui(y)(¥(f(e(v))))

for feC(X)® A, y€U;,i€l. For y €Y, denote by (®(C(X) ® A)(y)) the rel-
ative commutant of ®(C(X) ® A)(y) in B. Since for any y;, y2 € Y there is a (in-
ner) *-automorphism of B (depending on y; and y,) which maps ®(C(X) ® 4)(y1)
onto ®(C(X) ® A)(y2), (B(C(X)®A)(y1)) and ($(C(X) ® A)(y2))° are *-isomor-
phic and hence

U((@(C(X) ® A)(11))°) = U((2(C(X) ® A)(32))°),  y1.92€Y

(as topological groups). Assume also that H! (Y, U((®(C(X)®A)(y)))c) is reduced
to the distinguished element for some y € Y (and hence for all y € Y).
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PROPOSITION. ® ~ p* Q@ VU.

PROOF. Define continuous maps g;;: U;NU; — G, where G is the unitary group
of the relative commutant of ¥(A) in B, by g¢;;(y) = ui(y)*u;(y), y € U; N Uj,
i,yel.

Since 9ij * 95k = Gik ON UiﬁUJ‘ﬁUk, {Ui, gij}jej defines an element in HI(Y, Gc).
As H'(Y,G,) is trivial, we may assume that for any 7 € I there is a continuous
map v;: U; — G such that g;;(y) = vi(y)v;(y)*, vy € U;NUj, 1,5 € I. Define
u: Y — U(B) by u(y) := wi(y)vi(y), y € Us, © € 1. Since u;(y)vi(y) = u;(y)v;(y)
for y € U;NUj, 1,5 € I, the map u is well defined and continuous, and we have
®=Aduo(p*®V).

4.3. Now consider a system

C(X1) @A, BCX) @A -,

where for each k, X is a compact space, A is a finite-dimensional C*-algebra, ®
is an isometric *-homomorphism such that

Du(9®14,) =90k ®14a,,,, g € C(Xy),

with ok : Xk4+1 — Xk a surjective continuous map. Let X := !iLn(Xk, ©k)-
Assume that for any k > 2, X is connected and

Hl(Xk,U((‘I)k._l(C(Xk-x) ® Ak—l)(z))c)c)

is reduced to the distinguished element for some z € X (and hence for all z € Xj).
Here (®x_1(C(Xk-1) ® Ak—1)(z))¢ is the relative commutant of

(I)k—l(C(Xk—l) ® Ak_l)(z) in Ag.

Then, by Proposition 4.2, for any k > 1 there exists ¥, € Hom;(Ak, Ak+1)
(unique, up to inner equivalence) such that ®x ~ oy ® ¥i. Let A := l;n_'n(Ak, Uy).
We thus obtain the following:

THEOREM. The C*-algebra [i_Ln(C(Xk)®Ak, ®,.) is x-1somorphic to the (spatial)
C*-tensor product C(X) ® A.

4.4. The isomorphism problem for the above considered inductive limits can be
settled in certain cases by using the following result. We give a proof for the sake
of the completeness.

PROPOSITION. Let X, Y be compact spaces and A, B unital C*-algebras with
trivial centers. Then C(X)® A~ C(Y)® B if and only if X and Y are homeo-
morphic and A ~ B.

PROOF. Suppose that ®: C(X)® A — C(Y) ® B is a *-isomorphism. Since ®
maps Z(C(X)® A) onto Z(C(Y)® B), C(X) ~C(Y), i.e., X and Y are homeo-
morphic.

Let m be a maximal ideal in C(X) and let x be the corresponding character of
C(X). We consider the surjective *-homomorphism x ® id4: C(X)® A - C® A.
Since ker(x ® id4) = m® A, we have A ¥ C® A ~ C(X) ® A/m ® A. But
®(m®1,4) =m'® 1p with m’ a maximal ideal in C(Y'), since & maps C(X) ® 14
(= Z(C(X)®A))onto C(Y)®1p (= Z(C(Y)® B)). We have A~ C(X)®A/m®
A~®(C(X)®A)/P(m®A) =C(Y)®B/m'® B ~ B, which completes the proof.
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