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ON INDUCTIVE LIMITS OF CERTAIN C*-ALGEBRAS
OF THE FORM C(X) <8> F

CORNEL PASNICU

ABSTRACT. A certain class of *-homomorphisms C(X) ® A —» C(Y) ® B,

called compatible with a map defined on Y with values in the set of all closed

nonempty subsets of X, is studied. A local description of *-homomorphisms

C(X) ® A —> C(Y) <S> B is given considering separately the cases X = point

and A = C; this is done in terms of continuous "quasifields" of C*-algebras.

Conditions under which an inductive limit lim(C(Xfc) ® Aj., $&.), where each

$jt is of the above type, is *-isomorphic with the tensor product of a commu-

tative C*-algebra with an AF algebra are given. For such inductive limits the

isomorphism problem is considered.

The study of inductive limits of C* -algebras of the form C(X) ® F (with F a

finite-dimensional C*-algebra) has been suggested by E. G. Effros in [5]. Clearly,

for this problem, the structure of the *-homomorphisms between algebras of the

above form is important. This question has been considered in [1, 2, 8, 9, 10, 11

and 12].

The main result of the present paper gives a sufficient condition for the triviality

of the inductive limits, i.e., so that they are tensor products of commutative algebras

and AF-algebras.

After some preliminaries in §1, we consider in §2 *-homomorphisms <&: C(X) ®

A^C(Y)®B compatible (2.3) with a map 0: Y -> K(X)(K(X) the closed subsets

of X) which generalize the homomorphisms compatible with a covering considered

in [8]. Our results are more precise in the following two situations:

1°. 0(y) — tp~l(y), tp: X —> Y a continuous surjection;

2°. 0(y) = {tp(y)}, tp:Y->X continuous (2.7).

Given a homomorphism, we find conditions that insure the existence of a 0 as

in 1° above with which it is compatible (2.8). We also improve one of our previous

results (Proposition 2.5 in [8]) concerning homomorphisms compatible with a p-fold

covering (2.9).

In §3 the homomorphisms C(X) ® A —> C(Y) <g> B are unitial, A, B are finite

dimensional and the compact spaces X, Y are metrizable (excepting Proposition

3.1). Our results describe the local structure of such homomorphisms in terms of

continuous "quasifields" of finite-dimensional C*-algebras ((3.1) and (3.4)). Us-

ing classes of inner equivalent injective homomorphisms between continuous quasi-

fields of finite-dimensional C*-algebras (see 3.3) we study the set of classes of inner

equivalent homomorphisms (injective homomorphisms) from C(X) to C(Y) ® B

Received by the editors August 20, 1987. Presented at the 11th Conference on Operator

Theory, Bucharert, Romania, June 2-12, 1986, organized by INCREST.

1980 Mathematics Subject Classification (1985 Revision). Primary 46M40; Secondary 46L99.

©1988 American Mathematical Society
0002-9947/88 $1.00 + $.25 per page

703



704 CORNEL PASNICU

(3.4). A similar analysis is done for the set of all *-homomorphisms (injective *-

homomorphisms) from C(X) ® A to C(Y) ® B which are compatible with a given

continuous surjective map from X to Y, the fibre of which satisfies a certain con-

tinuity property (3.6).

§4 contains the main result of this paper. Consider a system:

C(Xy)®Ay^C(X2)®A2^---

with Xk compact and Ak a finite-dimensional C* -algebra. We give conditions under

which the above inductive limit is "trivial," in the sense that it coincides with the

tensor product of a commutative C*-algebra with an AF-algebra. The assumptions

on the spaces Xk involve the vanishing of certain nonabelian cohomologies (this

occurs for Xk contractible, for instance). Moreover, it is required that

*k(C(Xk) ® IaJ C C(Xk+y) ® lAt+1

(see (4.3)). For such trivial inductive limits we also consider the isomorphism

problem (4.4).

ACKNOWLEDGMENT. The author is grateful to §erban Stratila for his sugges-

tions on a first version of the manuscript.

1. For A and B unital C*-algebras, Hom(A,B) (resp. Homj(A, B)) will denote

the set of all unital *-homomorphisms (resp. all unital injective *-homomorphisms)

from A to B endowed with the topology of pointwise convergence. Z(A) denotes

the center and U(A) the group of all unitaries of A. 3>, \I> G Hom(A, B) are

called inner equivalent, $ ~ *, if $ = Adu o \I> for some u G U(B). For M C

Hom(,4, B), we denote by Mj ~ the corresponding set of classes of inner equivalent

♦-homomorphisms.

For a compact topological space X we use the canonical identification C(X)®A =

C(X,A). lif ^C(X)®AandF C X, we denote ||/|F || := supxeF ||/(a:)|| if F ^ 0

and ||/ I0 || := 0. For a finite-dimensional C*-algebra A = ©iej Ai (where each Ai

is a finite discrete factor) the inclusions Ai C A,i G I, induce canonical embeddings

C(X) ®A,C C(X) ®A,ie I, and we have C(X) ®A = 0i(£/ C(X) ® At.
Ii tp: X —> Y is a continuous map between compact spaces, we denote by

<p*: C(Y) -► C(X) the map <p*(f) = f o tp, f e C(Y).
Let G be a topological group, Gc the sheaf of germs of continuous G-valued

functions on X and H1 (X, Gc) the corresponding cohomology set; for a contractible

compact space X, H1(X,GC) reduces to the trivial element [7].

2. Throughout this section X, Y will denote compact spaces and A a finite-

dimensional C*-algebra.

2.1. Consider A = 0t€/ Ai, where I is a finite set and each Ai is a finite discrete

factor.

Denote K(X) := {F\F is a nonempty closed (i.e., compact) subset of X}. Con-

sider $ € Hom(C(X) <g> A,C(Y) ® B), where B is a unital C*-algebra. For any

y € Y, let Xy& € K(X) be such that {g € C(X)]g\Xy# = 0} is the kernel of the

unital ^-homomorphism:

C(X)3g^$(g®lA)(y)eB.

Then, for each y G Y, Xy^ G K(X) is determined by the condition

ll*(ff®lA)(i/)|| = ||ff|XSi*||,       gGC(X).
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In a similar way one sees that for any y &Y and ie/ there is a unique closed

subset Xy $ of X such that

WfiMW = ll/»l*y,*H' h&C(X)®Al.

Note that Xy $ can be the empty set. Clearly Xy^ = (jieI Xy$.

2.2. For any / = 0,€/ fi G 0,€/ C(X) ® Ai and y G Y we have

(l)||*(/)(y)||=niax<e/||/li|Aj>#||l

(2) ||*(/)(y)|| < l|/l*y.*ll.since

ll*(/)(y)ll = I>(/0(y)  =max|l*(/0(y)ll
»€/

= max||/i|Jfji»|| ^maxll/.IX^H = ||/|Xy,*||.

Moreover

(3) $ is injective o UyeY ^y,* = -^ i°r any l e ^- Indeed, by (1) we have

||*(/)||=rnax   ft] [J X^
yev

and each \Jy€Y -^y,* ^s closed.

2.3. Consider a map 0: Y —► K(X). We say that a *-homomorphism $ G

Hom(C(A) (gi A, C(Y) ® 5), where S is any unital C*-algebra, is 0-compatible if

(1) X,,* c 0(y), y G F.
This is equivalent to

(2) ]\Mf)(y)]] < ]]f]eiy)]], f G C(X)<8>A, y G Y. Indeed, (1) =» (2) by 2.2(2).
Conversely, for any 9 G C(X) and j/e7 we have ||g|Xyi*|| = \\$(g ® 1a)(3/)|| <

||c|#(2/)|| and since Xy^ is closed in X it follows that Xy^ C B(y).

The above argument also shows that Xy^ is the smallest nonempty closed subset

F of X such that ||$(/)(y)|| < ||/|f|| for any / € C(X) ® A.

2.4. Consider $ G Hom(C(X) ® A, C(F) ® B), where A = 0l€/ A,, I is a finite
set and each Ai is a finite discrete factor, and a map 0: Y —> K(X). Then, the

following are equivalent:

(1) II*(/)(V)|| = ]]f]B(y)]], f G C(X) ®A,yeY.
(2)Xl* = B(y),yeY,ieI.
Indeed (2) => (1) by 2.2(1). Conversely, for every i G 1 and y G Y, we have

ll/il*w,»ll = ll*(/0(y)ll = IIAI«(y)ll. /i 6 C(X)®A%, and since each Xly^ is closed
in X, we deduce Xy^ = 0(y).

2.5. Suppose moreover that (8(y))y^y is a partition of A" and that $ is compat-

ible with 0. Then the following are equivalent:

(1) <J> is injective,

(2) ||*(/)(y)|| = ||/|%)||, / G C(X) ®A,yGY.
Indeed, (2) => (1) by 2.2(3) and 2.4. Conversely, suppose there are i0 G I,yo &Y

such that
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Since $ is compatible with 0, we have X%°^ C 0(y), y EY. Then, using 2.2(3) and

the fact that (B(y))y^y is a partition of A, one has

x= U*;%S U*(y) = *'
y€Y y€Y

a contradiction. Hence Xy $ = 0(y), y GY, i € I, and the conclusion is obtained

using again 2.4.

2.6. PROPOSITION. Consider $ G Hom(C(X) ® A, C(Y) ® B) and a map

0: Y —► K(X) and suppose there is a unital embedding B C Mn, for some n G N.

Then $ ia 0-compatible if and only if

(1) tr($(g®lA)(y))en-cog(0(y)),        geC(X),y€Y,

where tr denotes the usual trace on Mn.

PROOF. For any y G Y, consider the unital finite-dimensional ^representation

C(X) ® A 3 f —* $(/)(y) G Mn. Since this is a direct sum of irreducible *-

representations, it follows that for any x G Xy<^ there is a unital *-representation

Hx,y of A such that

(2) *(/)(y) =   0   ilx,y(f(x)) e Mn

for all / G C(X) ® A. In particular, in this case, each Xyi<j> is a finite set.

Suppose that $ is ^-compatible. Using the above discussion, for g G C(X) and

y G Y we get

tr(4>(g®lA)(y)) =    ^   g(x) • dfmIIT,y

= n- I    ]P   9(1)   n"1 -dimnXi!,    G n -cog(0(y))

\xexy,4, J

since Ay $ C 0(j/) and <P being unital, X^ex     n_1 ' dimniy = 1.

Conversely, assume (1) and suppose there is y0 G Y such that Xy0i<j, <jL 0(yo).

Then there is xq G XyOt<y>\0(yo) and 30 G C(X) such that go(xo) = 1 and <?o|#(«/o)U

(Xyo,*\{xo})=0.
Using (1) and (2) we have

tr($(g0® 1a)(j/o)) =    J^    0o(z) • dimlL,;,,,,,

= dimIIXo,yo £ {0} = n ■ cogo(0(yo)),

a contradiction.

2.7. Consider in particular the map 0: Y —> K(X) given by 0(y) := {tp(y)},

y G F, where <p: V —> A is a continuous map. Then $ is 6-compatible if and only

if
(1) $(0 ® Ia) = g o tp® 1B, g e C(X). Indeed, since Xy,<t> = {tp(y)}, we have

$(9 ® 1a)(j/) = n¥,{y),j/((/((p(y)) ■ Ia) = ffMi/)) • Is, for any g G C(X) and 2/ G F.
Conversely, if (1) holds then for any g G C(X) and ?/ G Y we have ||<7|Xyi<j>|| =

ll$(ff ® 1a)(j/)|| = ||ff(v(y))ll and since each Xy^ is closed, Xy^ = {<p(y)}.
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On the other hand let B be a finite-dimensional C*-algebra and tp: X ^ Y a

continuous surjective map. A *-homomorphism <J>: C(X) ® A —► C(Y) ® B is said

to be <p-compatible if

$(gotp®lA)=g®lB,        geC(Y).

If $ is injective, then tp is uniquely determined by $ since we can use 2.5; we

have that (Xyi$)yey is a partition of X and <p_1 (y) = Xy&, y G Y.

Let B, $ be as in Proposition 2.6 and consider the map 6:Y—> K(X) given

by B(y) := tp~l(y), y G Y, where £>: X —> Y is a continuous surjection. In this

situation the following assertions are equivalent:

(2) $ is 0-compatible.

(3) $ is ^-compatible.

(4) tr($(<?otp® lA)(y)) = n ■ g(y), g G C(Y), y G Y. (tr denotes the usual trace

on M„.)

(2) => (3). For any 3 G C(Y) and y G Y we have

*(g ° <P ® 1a)(v) =   0   niiV(ffMa:))-lA) =»(»)■ 1b
Xfc Ay _<>

since Xy,$  C ^_1(2/) (we use the notation and remarks made in the proof of

Proposition 2.6).

(3) =► (4) is obvious.

(4) =*> (2) By assumption, for any g G C(Y) and y G Y we have

n-g(y)=   J2   g(tp(x)) ■ dimUx,y =     ^     cv(*)ff(0>
X€Xy(^ t£<p(Xy    ̂ )

where each cy(t) > 0. Now fix y0 G Y, suppose there is to G y?(Ay0i$) \ {y0} and

let g0 G C(Y) be such that <7o(*o) = 1,

go\{yo}u(<p(xyot*)\{to}) = 0;

then g = go and y = y0 will contradict the above form of assumption (4). Hence

tp(Xy^) = {y}, y G Y.

2.8. The following proposition gives sufficient conditions for a homomorphism $

to be compatible with some good tp.

PROPOSITION. Let B be a finite-dimensional C*-algebra and consider 3> G

Uom(C(X)®A,C(Y)®B). Assume that the cardinality of Xy9 is locally constant

on Y and (Xy^)y€Y is a partition of X. Then the map tp: X —* Y, tp(Xy^) = {y},

y €zY, is a covering map and <I> is <p-compatible.

PROOF. Fix y' g Y. The assumptions imply that there are n G N and U G

^(y1) such that Ay := Xy& has exactly n elements for all y G U. Say Xy> =

{zi(y'), ■-., zn(y')} and let v; = Vp7 G rT(zv(y')), p = 1,2,... ,n, with Vp' n V,' = 0

for pj^q.

Now, for fixed p G {1,2,..., n} we claim there is W G ^(j/')i W C £/, such that

Xy fl Vp ^ 0 for any y G IY. Indeed, in the contrary case there is a net (ySji^i in

/7 which converges to y' such that XVi n Yp' = 0. But for g G C(X), g(zp(y')) = 1,

supp g C Vp' we have

i = |y(My'))l<yA-y'|| = ||*(ff®iA)(j/')ll
= lim \\*(g ® U)(jfc)ll = lim ||?|Ay, || = 0,

1 1
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a contradiction which proves the claim.   Therefore we can choose V G W(y'),

Y C U, such that Xy n Vp' # 0, y G V, p = 1,2,..., n.

We prove that tp is continuous. Indeed, if a net (xj)j€j in X converges to x G X

but ^(zj) ->*♦ <p(z), then, X being compact, we may suppose that <p(x3) ^ j0/

tp(x).

For 3 G C(A), g(x) = 1, g\Xyo = 0 we have

0 = \\g\XVa\\ = Mg ® lA)(y0)\\ = lim \\*(g ® l^)^^))||

= lim||g|A^(l )|| > lim 13(^)1 = |ff(i)| = 1,
3 3

a contradiction.

For each y G V, let 2p(y) be the unique element of Xy C\ Vp', p = 1,2,... ,n.

Each map zp: V —► Vp := zp(V) is a bijection since <p o zp = idv; note that Vp =

p-1(V)nVp' G ^(zp(y')). Moreover, each zp is continuous. Indeed, if a net (yk)keK

in V converges to y G V and zp(yk) •** zp(y), we may consider zp(yk) —* x for some

x G Yp C Vp = Yp, a; =£ zp(j/) and we have y = lim^ yk = hmk tp(zp(yk)) = <p(x),

that is, x € tp~1(y)r\ Vp = Xy n Vp'; hence x = zp(?/), a contradiction.

Thus each <pp = <p]yp: Vp —* V is a homeomorphism with inverse 2P. Hence tp is

a covering map.

Since Ay>$ = ip_1(y), y G Y, it follows from 2.7 that $ is ^-compatible.

2.9. The next proposition gives the structure of homomorphisms compatible with

a finite covering, which improves the result in [8, Proposition 2.5] by replacing the

absolute retract assumption with contractibility and by using a shorter argument.

PROPOSITION.   Let tp: X —► Y be a p-fold covering map (p G N), where X,

Y are compact metric spaces and assume Y is contractible. Then there is a par-

tition (f/j)f=1 of X into clopen sets and there exist homeomorphisms Zi: Y —» f/»

satisfying <p o zt = idy (1 < i < p) such that if $: C(X) ® A —> C(Y) ® B is a tp-

compatible *-homomorphism, then there are u G C(Y, U(B)) and * -homomorphisms

*i, *2, • • ■, *p : A —► B such that

*(/)(») = Ad «(i/) (0 **(/(**(»))) J

for all f G C(X) ®A andyeY.

PROOF.   Since Y is simply connected, there is a homeomorphism H: X —►

Y x {1,2,..., p} such that the diagram

X     ^Yx{l,2,...,p}
Vi ^r^

commutes, where rp is the canonical projection. For each 1 < i < p we define

Ui = H~1(Y x {i}), the homeomorphism hi: Y —► Y x {z} given by /^(j/) = (y,i),

y G Y and Zi: Y -* Ui, z, := H~l o hi.

Using Proposition 2.4 from [8] and the fact that Y is connected, we find *-

homomorphisms Vy,... ,9P: A —> B, a proper open covering (V)i€/ of Y (see
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[7, p. 17]) and ut G C(Vl,U(B)) such that

*(/)(!,) = AdUi(y) (©*fc(/(zt(y)))J

for / G C(X) ®A,y€Vz,i&I. (The set of *'s in [8, 2.4] depends on the local

neighborhood but they can be chosen canonical [4], that is, in a finite set, so that

this locally constant choice of the *'s is actually constant.) The continuous maps

gij '■ ViDVj —> G := the topological group of all unitaries of the relative commutant

of ®l=y(*k(A)) in B, defined by gi3(y) := m(y)*u3(y), y G VnV,, i,j G /, satisfy

g^ -gjk = gik on Vj fl Vj D Vk and hence {V,, gtj },e r defines an element in H1 (Y, Gc).

Since Y is contractible, H1(Y,GC) reduces to the distinguished element. Therefore,

we may assume that, for any iei there exists a continuous map Vi: Vi —* G

such that gi3(y) = Vi(y)vj(y)*, y G V D Vj, i,j G /. We define u: Y —> U(B) by

u(y) := Ui(y)vi(y), y G V, i G 1. Since ut(y)vi(y) = Uj(y)vj(y) for y G V, n Vj,

i,j G /, the map u is well defined and continuous.

It is easy to verify that

*(/)(y) = Adu(y) I0 **(/(** (?/)))) ,        / G C(X) ® A, y G Y

3. Throughout this section X, Y will denote compact metric spaces (excepting

Proposition 3.1) and A, B finite-dimensional C*-algebras.

In this section we give a local description of homomorphisms from C(X) ® A

to C(Y) ® B by considering separately the cases X= point and A = C. We also

consider certain classes of inner equivalent homomorphisms.

3.1. PROPOSITION. Consider $ G Hom(A,C(Y) ® S), where Y is a com-

pact space. For every y' G Y Mere exwi V G %^(y'), V G Hom(A B) and

ueC(V,U(B)) such that

$(a)(y) = Adu(y)(V(a)),        a G A, y G V

PROOF. It is enough to consider the case when A = 0"=1 Mfc,, B = Mi.

For every y G Y, consider the unital finite-dimensional *-representation .4 9 a —»

$(a)(y) G M;. Since this is a direct sum of irreducible *-representations, it follows

that (3) pi(y) G {0,1,2,... } and u'(y) G U(l) such that

9(a)(y) = Adu'(y)    0a,® lp,(y) )

for any a = 0"=1 a, G 0"=1 Mk, and y G Y.

Since for any i, the map Y 3 y ^ tr($(lki)(y)) = ki ■ pi(y) G {0,1,2,...} is

continuous (here tr denotes the usual trace on Mi), (3)V G ^(y1) and (3)V G

Hom(A, B) such that

*(a)(j/) - Adu'(y)(*(o)),        a 6 A, y € V.

We denote G := U(B), S := U(V(A)C) (here V(A)C is the relative commutant of

*(A) in 5), G/5 := {gS|S G G} and n: G — G/S the canonical map. G/S will be
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embedded into the topological space Uom(V(A),B) by the formula U(g)(V(a)) =

Adg(V(a)), g G G, a G A. It follows that we can define a continuous map 0: V —►

G/S by 0(y)(V(a)) = $(a)(y), y G V, a G A Since 5 is a closed subgroup of the

Lie group G, n has smooth local sections. Thus, there is V G ^(y1), V C V and

u G C(V,G) such that the diagram:

G—^-^G/S

commutes, which ends the proof.

3.2. We consider on K(X) the topology given by the Pompeiu-Hausdorff metric

d, defined by

d(F, G) := max I sup d(x, G), sup d(F, y) ) ,
\i€F y&G J

F,G G K(X). Here d is a metric which gives the topology of X. Denote by F(X)

the set of all finite nonempty subsets of X. Then F(X) C K(X) is endowed with

the induced topology.

The proof of the following lemma is elementary and will be omitted.

LEMMA.   Let W be a metric space and a map 0: W —► F(X).   The following

assertions are equivalent:

(l)BeC(W,F(X)),
(2) the map W 3 w —> ||/|e(u>)|| G R is continuous for every f G C(X).

3.3. Let T be a compact space and for each t G T let E(t) be a G*-algebra. We

say that ((E(t))t£T,r) is a continuous quasifield of C*-algebras if T is a continuity

structure for T and the {E(t)} in the sense of J. M. G. Fell [6], i.e., every a G T is

a map defined on T such that a(t) G E(t) for any t E.T and

(1) T is a *-algebra under the pointwise operations,

(2) {a(t)\aeT} = E(t), t G T,

(3) for any a G T, the map T9(-> ||a(£)|| G R is continuous.

Any continuous field of G*-algebras [3] is a continuous quasifield.

Let Sl = ((Ei(t))t£T,I?i), l — 1^2, be two continuous quasifields of G*-algebras.

We say that V = (Vt)teT is a homomorphism from By to B2 if (1°) every Vt is a

♦-homomorphism of G*-algebras from Ey(t) to E2(t); (2°) V takes Ti into T2 (if

we consider quasifields of unital G*-algebras, each Vt is assumed unital). We say

that V is injective if each Vt is injective.

We denote by Homffi,^) (resp. Hom,^,^)) the set of all homomorphisms

(resp., injective homomorphisms) from By to B2.

In the unital case we say that V^ = (v[1')t€T G Hom(l?i,§2), i = 1,2, are

inner equivalent, written *(1) ~ *(2), if there is u G T2 such that u(t) G U(E2(t))

and V{t1] = Ad u(t) o V{2) for any t G T.

3.4. Let B be a C*-algebra, B ~ Mni ©M„2 ©• • -@Mnk, n:=ny+n2-\-\-nk,

&n(X) := {F G F(X)\F has at most n elements}.

For any 0 G C(Y,Srn(X)) consider Ee(y) := C(0(y)), y € Y (each 0(y) is a

discrete topological space) and Te := {Y 3 y —> f\e{y) G Ee(y)]f G C(X)}. Using
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Lemma 3.2, we see that B(0) := ((E$(y))y€y,Tg) is a continuous quasifield of

C*-algebras.

Let G := Hom(G(A), C(Y) ® B), C% := Homi(C(X), C(Y) ® B) and let 9~ be
the constant continuous field on Y, of fibre B. We define a map

F:C^ (J Uoml(B(0),S^)
e<EC(Y,.9n(X))

by
F($) := (*y><P)y,y G Hom^fX*),^)

where *y,*(/|xy,J := *(/)(y) for / G G(X), y G Y and X*: Y 9 y - Xy,$ G

S\(X) is continuous by virtue of Lemma 3.2.

PROPOSITION. The map F is a bijection which induces in a canonical way a

bijection of Cj ~ onto \J6eC,Y grixjArlom^B(0),S?)/ ~).

Moreover, F restricts to a bijection of Ci onto {Jgec<y ^ rX)) Homi(B(0),^?~)

which induces a bijection of'Ci/'~ onto (jg€c(Y,^l(x))(^om»('^'(^)'^")/~)' w^ere

C(Y,Srn(X)) := {/ G C(Y,?n(X))\ \JyeY f(y) = X}.

PROOF. Consider F($s) = (*^*.)y€y, * = 1,2, with F($,) = F($2), that is,

*i!»! = *S2. *v,*. = *v,*2 ^ any y G Y. Then

*i(/)(y) = *y!l, (/!*»,*,) = *y2i2(/|Xy,„2) = *2(/)(y)

for / G C(X), y G Y; hence F is injective.

For the surjectivity of F consider V = (Vy)y€y G rIomi(B'(6),Sr), where 0 G

C(Y,^(X)) and define $eCby *(/)(y) := *„(/|»(y)), / G G(X), y G Y.
Using the definition of Xy $ (y G Y) and the fact that each Vy is injective, we

have ||/|xv, J = ||*(/)(y)||" = ||/|%)||, y 6 Y, which implies Xy,„ = 9(y) for any

y G Y. It follows that F($) = V.

Finally, using 2.2(3) it follows that F(d) = Ufl€c(Y,.%(x)) Hom;(f (0),^)-

3.5. REMARK. Consider the continuous map tp: T —> T given by £>(y) := y2,

y G T (:= {y G C| \y\ = 1})- Define B G G(T,FX(T)) by y(») := {tp(y)} = {y2},

y G T and two continuous maps f,g: T —► C by f(y) = 1, g(y) = y, y G T.

Then / G r# and g ■ f £Tg; thus ((Fe(y))yex,re) is not a continuous field of

G*-algebras (see [3, 10.1.9]).

3.6. Let tp: X —> Y be a continuous surjective map such that <p"1(y) is a finite

subset of X for any y G Y and the map Y 3 y —> <p_1(y) G F(X) is continuous.

This condition is satisfied if, for instance, tp is a covering map with a finite fibre.

Denote by C(tp) the set of all ^-compatible *-homomorphisms from C(X) ® A

to C(Y) ® B and by d(tp) the set C(p) n Homi(G(X) ® A, G(Y) ® B).
Let d^ := ((F(y))yey, T) be the continuous field of G*-algebras given by E(y) :=

C(tp-\y)) ®A,yeY,T:={Y3y^ f\tp-\y) G E(y)\f G C(X) ® A}. (To see
that §^ is indeed a continuous field use Lemma 3.2 and standard partition of unity

arguments.) Let & be the constant continuous field on Y, of fibre B. Define a map

G: C(tp) - Hom(i*,.SO by G(*) := (*y)yey where Vy(f\tp-\y)) := 9(f)(y),

/GC(X)®A, yGY.
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Using 2.5 we easily obtain the following:

PROPOSITION. The map G is a bijection which induces a bijection from C(tp)/~

ontorIom(B,.5r)/~.

Moreover G maps Cl(<p) onto Hom%(B',^) and induces a bijection from

Ci(<p)/~ onto Homt(^,.^)/~.

4. In this section we prove our main result concerning the stability under in-

ductive limits of G*-algebras of the form C(X) ® A and isomorphisms of such

C*-algebras.

4.1. We first clarify the local structure of 0-compatible homomorphisms with

B(y) = {tp(y)} where tp: Y —► X is continuous.

PROPOSITION. Let X, Y be compact spaces, A, B finite-dimensional C*-alge-

bras, tp: Y —> X a continuous map and consider $ G Hom(G(X) ® A,C(Y) ® B)

such that

<&{g® Ia) = gotp®lB,        geC(X).

Then, for each y' G Y there exist a neighborhood V ofy', a continuous map u: V —►

U(B) and a * -homomorphism V G Hom(A,B) such that

*(/)(y) = Ad «(»)(*(/(>(»))))

for feC(X)®A, yGV.

PROOF. Fix V G T(y'), * G Hom(A,£) and u G C(V,U(B)) given by Propo-

sition 3.1 for the homomorphism A 3 a ^> $(lc(x) ® a) G C(Y) ® B. Then, for

any g G C(X), aEA and y G V we have

*(ff ® a)(y) = (*(» ® U)(y)) • (*(lc(x) ® a)(y))

= ((gotp)(y)-lB)-(Adu(y)(V(a)))

= Adu(y)(9(g®a(<p(y)))),

which completes the proof.

4.2. In the situation of the above proposition suppose that Y is connected.

Then there are * G Hom(A, B), a proper open covering (Ui)i€i of Y and ut G

C(Ui,U(B)) such that

*(/)(y)=Adtii(y)(*(/(>(»))))

for / G C(X) ®A,ye U{, i G /. For y G Y, denote by ($(C(X) ® A)(y))c the rel-

ative commutant of $(C(X) ® A)(y) in B. Since for any yx, y2 G Y there is a (in-

ner) *-automorphism of B (depending on yi and y2) which maps $(G(X) ® A)(yi)

onto$(C(X)®A)(y2), ($(C(X) ®A)(yy))c and ($(C(X)® A)(y2))c are ♦-isomor-

phic and hence

U((*(C(X) ® A)(yy))c) =* £/(($(C(X) ® A)(y2))c),        yi,y2 G Y

(as topological groups). Assume also that H1(Y, U(($(C(X)®A)(y))c)c) is reduced

to the distinguished element for some y eY (and hence for all y G Y).
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Proposition. $~<£>*®#-

PROOF. Define continuous maps g%3: UiC\Uj -» G, where G is the unitary group

of the relative commutant of *(A) in B, by gij(y) = Ui(y)*Uj(y), y G C7» fl f/,-,

i, y € /.

Since gi3gjk = 9%k on Uif\Ujf\Uk, {Ui,gij}iei defines an element in HX(Y,GC).

As rYx(Y, Gc) is trivial, we may assume that for any i e. I there is a continuous

map Vi: Ui —* G such that gij(y) = Vi(y)vj(y)*, y G U% D C/^, »,j G /. Define

u: Y -+ U(B) by u(y) := u;(y)u;(y), y G [/*, » G /. Since Ui(y)vi(y) = v,j(y)vj(y)

for y G UiC\U3, i,j G /, the map u is well defined and continuous, and we have

$ = Aduo(tp* ®V).

4.3. Now consider a system

C(Xy)®Ay^C(X2)®A2^---  ,

where for each fc, Xk is a compact space, Ak is a finite-dimensional C* -algebra, $fc

is an isometric *-homomorphism such that

$k(g® IaJ = g°<Pk® 1a*+1,        oGG(Xfc),

with pfc: Xfc+i —► Xfc a surjective continuous map. Let X := lim(Xfc, tpk).

Assume that for any fc > 2, Xfc is connected and

//1(Xfc,C/(($fc_1(G(Xfc_1)®/lfc-i)(x))c)c)

is reduced to the distinguished element for some x G Xfc (and hence for all x G Xfc).

Here ($fc_i(C(Xfc_i) ® Afc_i)(x))c is the relative commutant of

$fc_i(C(Xfc_i)®Afc_i)(x)    in Afc.

Then, by Proposition 4.2, for any fc > 1 there exists *fc G Honii(Afc, Ak+y)

(unique, up to inner equivalence) such that 3>fc ~ tp*k ® Wk- Let A := lim(Afc, *fc).

We thus obtain the following:

THEOREM. The C*-algebra lim(G(Xfc)®Afc, $fc) ts *-isomorphic to the (spatial)

C*-tensor product C(X) ® A.

4.4. The isomorphism problem for the above considered inductive limits can be

settled in certain cases by using the following result. We give a proof for the sake

of the completeness.

PROPOSITION. Let X, Y be compact spaces and A, B unital C*-algebras with

trivial centers. Then C(X) ® A ~ C(Y) ® B if and only if X and Y are homeo-

morphic and A ~ B.

PROOF. Suppose that $: C(X) ® A —> C(Y) ® B is a *-isomorphism. Since $

maps Z(C(X) ® A) onto Z(C(Y) ® B), C(X) ~ C(Y), i.e., X and Y are homeo-

morphic.

Let m be a maximal ideal in C(X) and let \ De ine corresponding character of

C(X). We consider the surjective *-homomorphism \ ® idA : C(X) ® A —» C ® A.

Since ker(x ® id^) = m ® A, we have A ~ C ® A ~ G(X) ® A/m ® A. But
$(m ® 1^) = m' ®1b with m' a maximal ideal in C(Y), since 4> maps C(X) ® Ia

(= Z(G(X) ® A)) onto G(Y)® 1B (= ^(C(Y) ® S)). We have A ~ C(X)®A/m®
A ~ $(C(X)® A)l$(m® A) = G(Y)®B/m'®B ~ B, which completes the proof.
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